INTRODUCTION
Let n ∈ N and let I n be the set {1, 2, . . . , n}. A function f : I n → R is called a n-weight function if x∈I n f (x) ≥ 0.
We introduce some useful notation that we shall use in the remainder of this paper.
W n (R) will denote the set of all n-weight functions and if f ∈ W n (R) we define For any subset Y of I n , we set
Observe that, for every finite set X with n elements, a function f : X −→ R such that x∈X f (x) ≥ 0 can be considered a n-weight function, since X can be identified by I n using a suitable bijection.
Finally, we call each x ∈ I n such that f (x) ≥ 0 a non-negative element for f and each x ∈ I n with f (x) < 0 a negative element for f .
In [1] Manickam and Singhi stated the following conjecture.
CONJECTURE MS. If d is a positive integer and f is a n-weight function with n
Let us now reformulate Conjecture MS in a slightly different (but equivalent) way.
Let n ≥ 1 be fixed and 1 ≤ d ≤ n; we consider the following n-weight function:
g :
This implies that
Therefore we can reformulate Conjecture MS as follows.
If n ≥ 4d then In this paper we study Conjecture MS and we show that in an infinite number of cases it is true also if n ≥ 2d.
First we show that
Next, we prove that
In the remaining cases 
we are interested in estimating the numbers γ (n, d, r ). In what follows we shall denote by x 1 , . . . , x n the elements of I n ; moreover, if f is a n-weight function with f + = r, after a suitable reordering of the indexes we can assume that x 1 , . . . , x r are the non-negative elements for f and x r +1 , . . . , x n those negative.
THE RESULTS

PROPOSITION 1. Let n be a positive integer and f ∈ W n (R). If d is an integer such that
PROOF. We use induction. The case d = n is obviously true. Suppose the proposition holds for d = m ≥ 2; we will show that it is true for d = m − 1. Suppose, by way of contradiction, that there does not exist any subset Y of I n of m − 1 elements with S f (Y ) ≥ 0.
By hypothesis there exists a subset Z of m elements with
and S f (Y ) < 0, by (2) 
Indeed, let f be a n-weight function such that 
where i r +1 , . . . , i d ∈ {r + 1, . . . , n}, is such that
Hence every subset Y as in (3) Let us observe that the inequalities (i) and (ii) in Remark 1 also provide a different proof of Proposition 1 by virtue of (1).
PROPOSITION 2. Let n, d, r be positive integers with r
PROOF. Let f be a n-weight function having non-negative elements x 1 , . . . , x r and negative elements x r +1 , . . . , x n . By Remark 1(ii) we know that γ (n, d, r ) ≥ n−r d−r , taking all (d + , n)-subsets of I n as in (10).
Without loss of generality we may assume that f (
We fix the element x 1 and proceed as follows. Let P = {x 2 , . . . , x r }, N = {x r +1 , . . . , x n } and choose an arbitrary subset A of P with r −2 elements and an arbitrary subset B of N with d − r + 1 elements. The subset A ∪ B ∪ {x 1 } has d elements and
Consider now the set 
This proves that at least one of the following holds:
Therefore for any choice of A ⊆ P, B ⊆ N , with |A| = r − 2 and
of type (i) or (ii). We observe now that the correspondence (A, B) −→ D A,B
is injective since x 1 / ∈ P ∪ N ; hence, proceeding in this way, we obtain
We apply the previous method again as follows. We take a set A containing r − 3 arbitrary elements of P and an arbitrary subset B with d − r + 2 elements. Using the previous notation we still obtain a situation analogous to (i) and (ii), where P \ A is a set with two non-negative elements x,x and N \ B has n − d − 2 negative elements.
which is a (d + , n)-subset for f . It follows that at least one of the following analogues of (i) and (ii) holds:
As before, since
-subsets for f and it is immediate to verify that no set of type (i ) or (ii ) can also be a set of type (i) or (ii).
This implies that the new (d + , n)-subsets are all distinct from the preceding ones. Proceeding in this way, at the kth step we obtain
Hence we find at least
On the other hand, consider the following n-weight function:
g : γ (n, d, r ) , we take the function g :
Then g is a n-weight function with g + = r and the only (d + , n)-subsets for g are those which contain all non-negative elements x 1 , . . . , 
